In this paper, we propose a method of solving the viscous hydrodynamics order by order in a derivative expansion. In such method, the zero order solution is just the one of the ideal hydrodynamics. All the other higher order corrections satisfy the same first-order partial differential equations but with different inhomogeneous terms. We therefore argue that our method could be easily extended to any orders. The problem of causality and stability will be released if the gradient expansion is guaranteed. This method might be of great help to both theoretical and numerical calculations of relativistic hydrodynamics.
I. INTRODUCTION
Relativistic hydrodynamics has been an important and useful theoretical tool in high energy heavy-ion physics such as at RHIC and LHC, which have succeeded greatly in describing the collective flow from the data of RHIC and LHC [1] [2] [3] [4] [5] [6] [7] [8] . Hydrodynamics can be considered as an macroscopic effective field theory of more fundamental microscopic theory such as quantum field theory, in describing the non-equilibrium evolution of a given system. However, it is not trivial to build a consistent and causal relativistic hydrodynamics beyond the ideal hydrodynamics. The relativistic first order viscous hydrodynamics was first proposed by Eckart in [9] , and Landau and Lifshitz in [10] , which were both shown that dissipative fluctuation may propagate at an infinite speed and are inconsistent with the relativistics. This is so called causality problem. In addition, the solution is also unstable due to small perturbation of the equilibria in these viscous hydrodynamics [11] . The nonrelativistic causal viscous hydrodynamics was first presented by Müller in [12] and was later generalized into the relativistic version by Israel and Stewart in [13] . They remedied the previous viscous hydrodynamics through introducing some second order terms in deviations away from equilibrium into the entropy current. Therefore these formalism are also referred as the second order theory of viscous hydrodynamics. For example, the relaxation time for shear viscous tensor, which is one of the well-known second order parameters, describes how long the system will go back to the equilibrium states after a small perturbation via shear viscosity. Therefore, if all these hydrodynamic parameters satisfy certain constrains, the system will be causal and stable (e.g. for shear viscous tensor [14, 17] , bulk viscous pressure [15] and heat conducting flow [16, 17] ). Recently, some other authors have discussed further the second order viscous hydrodynamics [18] [19] [20] , especially from the point of view of effective theory, in which all the second derivative terms are included.
There exist two different methods solving the viscous hydrodynamic equations, either expressing the dissipative contributions in energy-momentum tensor or charge current in terms of differentials on primary variables such as fluid 4-velocity u µ and chemical potential, then substituting them into the hydrodynamic equation, or regarding the dissipative quantities as independent dynamical quantities which satisfies extra differential equation. The same difficulties in both methods is that the contributions from different orders are mixed together, which implies small errors in high orders might also cause big uncertainty in the numerical simulations after time evolutions. On the other hand, the point of view of effective theory, where higher order terms should always be small corrections to the lower order during the whole evolution, might give us some hints to simplify these problem. Besides, from the second order to the third order or even higher orders, one has to deal with more and more complicated differential hydrodynamic equations.
In Sec. II of this paper, we will try to present a consistent formalism of solving the viscous hydrodynamic equation order by order in comparison with microscopic theories. We will show that the zero order solution is just the one of the ideal hydrodynamics in our method and all the other higher order corrections satisfy the same first-order partial differential equation but with different inhomogeneous source terms. We find that our method is a recursion process, the next order solution can be obtained only after we get all the previous order solution. In every order calculation, we only need to deal with the same first order differential equations with different inhomogeneous source terms. Such method can be manipulated to any higher order. In our framework, the problem of causality and stability will be released if all parameters satisfy the condition of gradient expansion as shown in Sec III. Finally, there is conclusion and discussion in Sec IV.
II. HYDRODYNAMICS ORDER BY ORDER
Since we will present our method mainly theoretically or formally, for simplicity, we will restrict ourselves to the conformal non-charged fluid. In such system, the dissipative terms are constrained greatly due to the conformal symmetry. More general cases can be extended straightforwardly and will be presented elsewhere. Since the fluid is not charged, only energy-momentum conservation is involved,
where the energy-momentum tensor T µν is assumed to be able to expanded as the primary hydrodynamic variable, local fluid velocity u µ (x) (u 2 = −1) and local temperature T (x).
In the following, we will always work in the Landau frame and adopt the convention of the metric tensor g µν = [−1, +1, +1, +1]. In such frame and convention, the energy-momentum tensor can be generally decomposed into
where ǫ is the energy density, P is the pressure and Π µν includes all the dissipative terms and satisfies u µ Π µν = 0.
Generally, in long wavelength and low frequency limit, if Knudsen number K = ℓ mf p ∂ µ ≪ 1, with ℓ mf p the mean free path of particles and ∂ µ the space-time derivatives, the hydrodynamic is workable [19, 20] . In this case, we can expand all hydrodynamic quantities and equations in the power of Knudsen number. In the leading order, we will get the ideal fluid.
In the first order, Π µν will be introduced and can be expanded as the differentials of the local velocity u µ order by order. In a conformal theory, this dissipative term can be generally written as [18, 21] ,
where η is the shear viscosity, π µν is the second-order differential terms and in a conformal theory, can be generally decomposed into the following form,
where τ Π , λ 1,2,3 are transport coefficients in the second order theory and Ω µν is the vorticity tensor. The entropy current S µ is defined as [13]
where Q µ represents a possible second order correction. In the leading order,
with s the entropy density
Now we will start to propose our method. Firstly, it is quite natural and straightforward that we will treat fluid 4-velocity u µ (x) and temperature T (x) as the primary variables, energy density and pressure can be expressed as the function of T (x) by the equation of state. We can imagine the final solution of u µ (x) and T (x) can be obtained by the serials expansion as
T
where the series are expanded in the power of Knudsen number. Then, we assume that all hydrodynamic quantities and equations can be expanded in the power of Knudsen number.
For example, it follows that the energy-momentum tensor can expanded as
The zero-order energy-momentum tensor is given by
where ǫ 0 ≡ ǫ(T 0 ) and P 0 ≡ P (T 0 ). It is just the decomposition of the ideal fluid.
Secondly, in order to avoid the mixture of different orders, we assume the differential hydrodynamic equations satisfy the conservation law order by order, i.e. we let
It looks very robust and adds more constrains to the hydrodynamic equations, but it is reasonable. From the classical kinetic theory, i.e. the Boltzmann equations, the distribution function f can be expanded in power of K, f = f 0 + f 1 + f 2 + ... and obtained order by order.
Provided the time reversal symmetry is protected, we can get ∂ µ T µν i = 0 (also see Appendix I). These kinds of method are widely used in theoretical physics, e.g. for quantum kinetic theory, a similar treatment will give the exact transport coefficients of chiral magnetic and vortical effects [22, 23] or Hall effects [24] , and other related hydrodynamic [25] [26] [27] .)
Back to our case, the zero-order approximation u µ 0 and T 0 can be obtained by solving the ideal hydrodynamic equation,
As usual, we can decompose them into a component parallel to u 
and the other three components orthogonal to u µ 0 by projecting (15) with ∆ 0µν
and ∆ 0µν ≡ g µν + u 0µ u 0ν . The zero-order entropy current is given by
It is well-known that it is conserved for the ideal fluid
A. First order theory
Now let us continue to deal with the next-to-leading order, in which the energymomentum tensor is given by
Note that since there is corrections to the temperature T 1 (x), the energy density and pressure will also have some corrections,
It should be noted that we have constrained the normalization condition for u µ 1 as
which leads to the following relation
Hence only three components of u µ 1 are independent and the component parallel to u µ 0 can be totally determined byū µ 1 . In addition, we can notice that u 0 · u 1 only contribute to at least second order, that is why onlyū µ 1 is involved in the first-order energy-momentum tensor (20) .
Since the zero-order energy-momentum tensor has already satisfied the conservation equation, we need the first-order energy-momentum tensor satisfy the conservation equation
The component parallel to u µ 0 reads,
where (27) and the components orthogonal to u µ 0 reads,
where
The first-order correction to the entropy current S µ 0 is given by
It is easy to show that the divergence of the entropy current is always positive and consistent with the second thermal law,
B. Second order theory
We now turn to the second order, in which the energy-momentum tensor is given by, 
which results in
It is easy to show that u 0 · u 2 only contribute to at least third order, which can be drop off for the second order T µν 2 . However we must consider u 0 · u 1 which have been neglected at the first order T µν 1 . Since both the zero-order and the first order anenergy-momentum tensor have already satisfy the conservation equation, we need the second-order energy-momentum tensor satisfy the conservation equation independently
and the components orthogonal to u µ 0 reads,
The second-order correction to the entropy current is
It is straight to derive the rate of entropy production for the second order
Generally, they are not positive definite, however they do not violate the second law of thermodynamics since the third order terms must be small compared to the second order term in the domain of applicability of hydrodynamics. Similar possible negative sign and comments can also be found in [18] .
Actually, such recursion process can be generalized to any higher orders without any difficulty. It is important to note that all the equation have the similar form, i.e., the component parallel to u µ 0 reads,
where C α n depends only on the u µ 0 , T 0 ,ū µ m and T m 1 ≤ m ≤ n − 1 or their derivatives. It should be pointed out that our process is very similar to the method used in [25] [26] [27] .
III. INITIAL CONDITION, CAUSILITY AND STATIBLITY
In order to solve the hydrodynamic equations, we must give some specific initial conditions, e.g., u(t 0 , x) and T (t 0 , x), where t 0 is the initial time. Generally, we can decompose them into
in any way as long as they satisfy
With different decompositions, the final result should differ in higher orders. For simplicity, we can just set
Under such initial conditions, we actually rule out all the free modes which will lead to acausality and instability from the homogenous solutions in Eq.(42) and Eq.(43) for n ≥ 1.
Only the particular solution which is proportional to the inhomogeneous term survives.
Hence the causality and stability seem to be released in our framework. However such simple decomposition in Eq.(47) will be inconsistent with our expansion formalism when
In such case, we must choose the right
we must require that there should be no acausality and instability in Eq.(42) and Eq.(42).
This additional requirement is expected to be always satisfied as long as Ku µ (t 0 , x) and KT (t 0 , x) are both small enough because in the very limit Ku µ (t 0 , x) → 0 and KT (t 0 , x) → 0, Eq.(42) and Eq.(42) can be reduced into
which is just the ideal hydrodynamic equations. However once we are not able to do this in any way, we must admit that the system is beyond the scope of application of our formalism.
IV. CONCLUSION AND DISCUSSION
In this paper, we have presented a perturbative procedure of solving the viscous hydrodynamic equation order by order in the framework of an effective theory.
For simplicity, we only consider a conformal fluid and more general cases can be straightforward to be obtained. Firstly, we expand all hydrodynamic quantities and differential equations in power of Knudsen number. Secondly, we assume the conservation equations are satisfied order by order independently. In the leading order, we get the solutions of ideal fluid. By solving the differential equations at first and second order, we find these equations have a uniform expression with different sources. Therefore, we argued that our method can be extended to any orders.
By choosing suitable initial conditions, if the gradient expansion is workable, we find the causality and stability problem is released. It will simplify both theoretical and numerical calculations in the future. 
I. ORDER EXPANSION IN KINETIC THEORY
Our method is inspired by the microscopic kinetic theory. As a macroscopic effective theory, hydrodynamic equations can be obtained from other microscopic theories. In most of those microscopic theories, the differential equations are expanded in terms of scaling, then are solved in each order independently. As an example, let us consider the relativistic kinetic theory Boltzmann equations without external fields,
where f is the distribution functions of particles, p µ = (E p , p) is the four momentum of particles and C[f ] is the collision term. We can expand f and C[f ] in a gradient expansion
